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A method is proposed to solve the problem of impressing a rectangular stamp 
with arbitrary ratio between the sides into an elastic isotropic half-space, based 
on reduction of the problem to two-dimensional dual integral equations. A me- 
thod of reducing these equations to an infinite system of linear algebraic equa- 

tions is indicated. Formulas are obtained to determine the pressure on the con- 

tact area and the displacement of the stamp. 
The papers [l- 41 have been devoted to contact problems for a rectangular 

stamp. The problem of impressing a stamp with a base in the form of a narrow 
rectangle into an elastic half-space has been studied in [5 - 73. 

The method of solution used in this paper is a further development and exten- 
sion (to the case of two-dimensional dual equations) of the method used in [7]. 

1. We use a rectangular 5, ~1, z coordinate system whose z-axis is perpendicular 
to the boundary of the half-space. Let a stamp with a rectangular planform (Fig. 1) be 
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X 

Fig. 1 

impressed in an elastic isotropic half- 

space z > 0 under the effect of aver- 
tical force p directed along the z- 

axis and passing through the center of 
gravity of the stamp. We assume that 

the stamp with a flat base, is displaced 

strictly translationally in the direction 
of the z- axis and we consider no fric- 

tion to originate between the stamp 
and the half-space and there is no load 

on the half-space outside the contact 
area. 

The boundary conditions at z = ‘0 
are in this case 

w ‘(x, Y, 0) =II w, (Ix I <:a, Iy I< b) 

UZ(X?Y,O) =o (Ix I>% IY I>@ 
TX; (x, y, 0) = TV, (5, y, 0) = 0 i- = < 5, ?/ < w) 

(w is the projection of the displacement vector on the z-axis). 

Applying a two-dimensional Fourier integral transform to the Lame equilibrium equa- 

tions in rectangular coordinates, we find 
m OD 

zu@,y,O)=~ 1 5 (a2 + p2)-‘/‘p** (a, p) e-i(a~+PU)&d$ (1.2) 
--cm ---co 

P (2, Y) = - Q, (r, y, 0) 

(P ** is the two-dimensional Fourier transform of the reaction pressure p). Formula 

(1.2) is valid under the condition that there are no shear stresses T,, and T,, at z = 0 ). 
On the basis of the inversion formulas for the two-dimensional Fourier transform,we have 

m cv 

P(GY) = & 1 \ p** (a, 8) e-~P~+P~)&d/3 (1.3) 
-cc --m 

Satisfying the boundary conditions (1. 1) and using (1.2) and (1.3), we arrive at two- 

dimensional dual integral equations 

cosxacosyfkCid~ = c (o,(x<a, O<y<b) (1.4) 

mm 

ss p**(a,~jcasxucosy$lad~ = 0 ta<x<m, b<y<ml 
0 0 

The symmetric conditions of the problem relative to the z- and y-axes have also been 
taken into account in forming the dual equations (1.4). By solving (1.4), the function 
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p** (a, p) can be found, and then by using (1.3) we obtain the distribution of the re- 
action pressure p (x, y) over the contact area which is of interest to us. 

2. Let us seek the solution of the dual integral equations (1.4) in the form 

p** (a, p) = jTJ 5 B,, Ja+2m(ar)JP+2n((bp) 
(WA Gw 

(A, p> - +) (2.1) 
m=0 n=o 

where J,, (Z) is the Bessel function of the first kind, Furthermore, it is known [8] that 
CO 

f x-*J,+an (az) COS (yx) c&r = (2.2) 
0 

i 

(- ~~n2~-lu-~(2~)~ r (v) [r (2v + 2n) 1-l (fp - y2)‘-‘h c,‘, (Y / a) 

(O<Y<4 
0 @<Y<4 

Rev>-1/2, a>0 

(C,’ (5) is a Gegenbauer polynomial). Substituting (2.1) into the second equation in 
(1.4) and taking (2.2) into account, we see that the second equation in (1.4) is satisfied. 
Then, substituting (2.1) into the first equation in (1.4), we obtain 

(O<xZa, O<y<b) 

It can be shown that 

cos x0: co,!? yp = 22@+W (A) r (p) a-q-E” x 

;oi,& l)‘+kth + 2i)(k + 2k)C2ih ($) c2k’ (+) x 

JA+,* (4 Jp+,,k VP) 

Gwx @P)p 

By using this expression, (2.3) becomes 

m=O k-0 

Bf* = 22(“+p’,r (k) r (p) a-w-b-‘f3m, 

D$&, = (- l)f+k (k + 2i) (p + 2k) x 
(Pp1 

ss J k+2m (“) Jp+2n (6p) JA+2f tR3) Jp+2k t&P) 

0 0 
(2rr)“h (2p)2’” (aa + py”’ 
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Expanding the right side in the first formula of (2.4) in Gegenbauer polynomials, we find 

We set 
{ 

1 for i = k ~= 0 
Eik = 0 for i =+ 0 or k # 0 

v. 5) 

x,, = @-rbsY B(l) 
mn’ 

fi(l) = t_P-‘bz~ D,,,,,ik (2.6) 
mnik 

Then the second expression in (2.4) becomes 

5 i DnnikXmn= Eik (ik = 0, 1,2, -. .) (2.V 
m=o n=O 

Therefore, an infinite system of linear algebraic equations has been obtained. Solving 

this system (2.7), we can find the coefficients X,. It is apparently impossible to find 
the exact solution of the infinite system of equations (2.7). However, an approximate 

solution of this system can be obtained by using the method of reduction or by successive 
approximations. 

Substituting the expression for p** (a, p) from (2.1) into the inversion formula for 
the two-dimensional Fourier cosine transform and taking account of (2.2), we find 

P (c Y) = Pl CT Yh CT Y) (O<z<a. OdY<b) 

pl(s,y)= (1 _zgy (1 _+g)p-1’* 

(2.8) 

Formula (2.8) establishes the pressure distribution law p (5, y) over the contact area 

between a rectangular stamp and an elastic isotropic half-space. The force acting on 

the stamp is b 

P = \ dz 1 p (cx, y) dy = 22(1-h-%2abAoo &(r2;;lrr(;;;ls (2.11) 
---a -b 

Relationships from [9] were used in deducing this formula. 

3. By using (2.4), (2.6), (2.8), we find 

A, = (- l)m+n 
C (2m)l (2n)l 

21+sk+%cbr (2h + 2m) r (2~ + 2n) 
X ,q,m,n=O,1, . . . (3.1) 

Knowing the coefficients A ,,,,,, the pressure p (z, y) can be determined at any point 
of the contact area by means of (2.8). The coefficients A,, are related to the cceffi- 
cients X mn by formula (3. l), they can be found from the system of equations (2.7). 

The quantities D ,,,,, i J, enter into the system (2.7). By using (2.4) and (2.6) and by 
introducing new variables x = au, y = bfi, we have 

D,,,nik = (- l)f+k (h -j- 2i) (p + 2k) x (3.2) 
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Let us determine the depth of impression w,of the stamp under the effect of the force 
P. By using the expression for c in (1.4), and (2.11) and (3. l), we finally find 

uI 
0 

= 21+4@+p) hP IF (A) r (p)]* P (1 - 9) 

i+XO(l Ea 
(3.3) 

It is interesting to calculate the pressure p for z = 0 and y = 0 (under the center 
of the stamp). We have 

P (0, 0) = i i &&n (0) & (0) 
nZ=o n==ll 

Using the result from [lo] 

( 

0, if n is odd 

&” (O) = (- 1)” ($ , if n = 2m is even 

((A), = r (A + m) / r (A) is‘the Pochhammer symbol), we finally obtain 

p(0, 0) = i i (- I)*+* A,, @)$)n 
m=O n=O 

Expressions for the Gegenbauer polynomials [9] are used to calculate the pressure 
p (5, y) at any point of the contact area. 

4. Let us clarify the question of the nature of the singularities in the reaction pres- 
sure p (z, y) under the stamp upon approaching the boundary and the corners of the 

contact area. Let (2.8) underlie the analysis. We shall consider that p1 (r, y) contains 

all the singularities of the function p (z, y), while pz (x, y) has no singularities (this 
can be achieved by an appropriate selection of the quantities h and j.r). Then the toe.f- 
ficients A mn will tend more rapidly to zero (as m and n increase) and fewer terms in 
the series in pa (2, y) will be required to assure a specified accuracy. 

The quantities h and p in p1 (5, y) evidently depend on the parameter E = b / a. 
Considering the limit case E + 0, we arrive at the deduction that A. = 1/2, f~ = 0. 
Similarly, for e --f 00 we obtain 31 = 0, p = 1/2. These conditions can be satisfied 

if it is assumed that 
h = l/a e-N, p = l/,e-PIE (4.1) 

where p is some constant to be determined below. 

Let us clarify the question of the nature of the singularities in the reaction pressure 
p (5, y) under the stamp as x --f a and y + b, i. e. upon approaching a corner of the 
contact area. On the basis of (2.8) we have 

p@,!/)= u 1 - ( $)a-“2(1 -+)p-l” (z-a, y-b) 

In writing the expression for a it was taken into account that [lo] 

C,’ (1) = (24, / n! 

Introducing the new variables z1 = 1 - z / a = r cos cp, y1 = 1 -. y / h = 
r sin cp, we obtain 
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(4.2) 

Formula (4.2) establishes the nature of the singularity in the reaction pressure under a 
rectangular stamp as a corner of the contact area is approached along any line (inclined 

at an angle cp to the sr-axis) under the condition that 0 < x1 / y1 < cm. 
Using the result of Noble [ll], an estimate 

PJ 
of the quantity Q can be given for a square 

stamp. For E = 1 we obtain q = O,7. 
This result permits estimation of the constant 

@ for which we find fs z 1.204. Therefore, 

we can take p = l/,eX’z = 1.2026. 

Hence, the quantity 9 in (4.2) has been 

determined completely. A graph of the de- 
pendence of $ on the parameter E is pre- 

sented in Fig. 2. 
Let us clarify the nature of the singularity 

in the reaction pressure p (z, y) under the 

P Y 

Fig, 2 

E 
stamp as y --f b, i.e. upon approaching 
the boundary of the contact area (to the side 

of the stamp parallel to the z-axis). In this 
case, we have on the basis of (‘2.8) 

P (x3 ?A G (jir (z) (1 - T)? E = + - p = + (1 -e-se-1) (y .-B b) (4.3) 

Formula (4.3) is valid when x does not tend to rt: a. If 5 --f a and y -+ b simultan- 
eously, then (4.2) must be used. A formula similar to (4.3) is used for the case when 

x+ a (and y does not tend to b). A graph of the dependence of g on E is shown 

in Fig. 2. 

5, Let us reduce (3.2) for the coefficients P) mn i k to a more convenient form for 
calculations. We perform a change of variables {x = r cos cp, y = r sin cp), and 
then we use the Neumann formula twice (lo] 

niz 

J” (2) JP (2) = $1 J,,+p (22 cos 0) cos [(p-v) 01 de, Re (Y + p) > --I 

We obtain 
0 

x/2 

D mni& = (- I)i+‘c (4)” S (coscp)+‘(sin t-p)-‘@dcp x 
(5. I) 

0 
=la xl2 

5 
cos [(2n - 24 131 de \ GOS [(2m - 2i) I&] g (cp, 0, $) d$ 

0 i 
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g (cp, 8, q.7) = 2-~(~+w3~~-‘(?L + 2i) (p + 2k) 5 r-2@+P) x 

J 2h+2m+2i (2~3 cos cp cos $) Jzth+2n+zb (2r Osin ‘p cos 0) dr 

The integral in the expression for g (cp, 8, $) is evaluated by using the Weber-Schaf- 
heitlin integral [12]. We find 

(5.2) 

I? (m + ra + i + k + l/2) 
l? (2~ + 2n + 2k + 1) P (2h + m + i - n - k f l/z) ’ 

(sin cp cos 13)2(P+n+k) 

(cos cp cm l#n+k-A)+l 
m+n+i+k+-&, 

n-/-k-m-i-_-L+-&; 2p+2n+2k+1; 9 t&S) 

l? (77~ + n + i + k + I/Z) 
1’ (2h + 2m + 2i + 1) I’ (2~ + n + k - m - i + l/s) ’ 

(cos cp cos $)z(A+m+Q 

(sin 9 co,y e)z(m+i-P)+l F(m+n+i+k++, 

mfi-n-k-2p+-&; 2h+2m+2i+1; co52 $ 
F? tgs ‘p co@ 0 1 

(0 < cos -$ < e tg cp cos 0) 

The coefficients D mni k defined by (5.1) and (5.2) can now be evaluated by using 
an electronic computer by replacing the integrals in (5.1) by means of some quadrature 
formulas. Knowing D mnik, we can find an approximate solution of the system of equa- 
tions (2.7) and can thereby determine the coefficients X,,. Then,the depth of impres- 

sion of the stamp w,, can be found by formula (3.3). By using the relationship (3.1) it is 
easy to pass to the coefficients A,,. The reaction pressure p (a-, y) at any point of 
the contact area can be determined by formula (2.8). 
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The method of large h [l]. when the solution of the integral equations is represen- 
ted as an asymptotic expansion in negative powers of some dimensionless parame- 
ter 1 is used extensively, among the asymptotic methods of investigating the in- 
tegral equations of the theory of mixed problems. As a rule only several terms of 

such an asymptotic expansion are constructed successfully. 
Certain types of integral equations of the second kind, for which a method is 

proposed for the construction of all terms of the asymptotic expansion, are investi- 

gated below by the method of large h. The coefficients and expansions of the re- 
quired solution in negative powers of & are represented as polynomials in the main 
argument and recursion formulas are obtained for the coefficients of these polyno- 
mials, Considered as examples are the axisymmetric mixed nonstationary problem 
of heat conduction for a homogeneous half-space and the axisymmetric problem 
of elasticity theory for the torsion of a truncated sphere by a press. 

1. Solution of the fntrgrrl oqurtton, We examine the equation 


